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Section A (answer ALL questions in Section A)          [50 Marks in Total] 

Question A1 

Kapteyn’s model of the Galaxy was much smaller and thicker, relative to its diameter, than 

currently accepted models; whereas Shapley’s model was much larger and thinner. Briefly 

comment on the reasons for the above two discrepancies. What was the significance of measuring 

distance to the Andromeda galaxy for the first time by Edwin Hubble? 

 [5 marks] 

Question A2 

In its rest frame, the quasar SDSS 1030+0524 produces a hydrogen emission line of wavelength 

λrest = 121.6 nm. On Earth, this emission line is observed to have a wavelength of λobs = 885.2 nm. 

The redshift parameter for this quasar is thus 28.6/)( =−= restrestobsz λλλ . Calculate line-of-sight 

recession velocity of the quasar (avoiding the erroneous temptation to answer that it moves 6.28 

times faster than speed of light!). In general, if one has an electromagnetic wave propagating away 

from an observer, Doppler shift reduces its frequency according to )/1/()/1( cvcvff restobs +−= . 

[5 marks] 

Question A3 

Give the definition of the surface brightness I(θ ) of a galaxy and show that it is independent of the 

distance to the galaxy. 

[4 marks] 

Question A4 

Describe briefly and qualitatively how the virial theorem is used to estimate the masses of elliptical 

galaxies.  

[4 marks] 

Question A5 

Describe with an aid of a sketch and qualitative physical explanation why stars move on epicyclic 

orbits in a spiral galaxy. 

[4 marks] 

Question A6 

Sketch and state physical meaning of the Lindblad resonances, mm p // κκ +Ω<Ω<−Ω , where 

symbols have their usual meaning. 

[4 marks] 
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Question A7 

Briefly explain why gravitational accretion is more likely to power active galactic nuclei (AGN) 

than thermonuclear fusion, by comparing the efficiencies of conversion of mass to energy in both 

cases.    

[5 marks] 

Question A8 

Explain how the spectrum of active galaxies is different from that of normal ones. Include typical 

sketch (both on the same plot) of the spectra for the two types of galaxies. 

 [3 marks] 

Question A9 

Using the dispersion relation for small perturbations of a self-gravitating gas with non-zero 

pressure, , 4222 ρπω Gku −= show that a perturbation with wave-number k given by 

( ) 2/12/4 uGk ρπ< is a standing wave, with exponentially growing or decaying amplitude.  

[5 marks] 

Question A10 

Use the dispersion relation from question A9 above, with the thermal pressure effects neglected, to 

derive the free fall time and explain its physical meaning. 

 [5 marks] 

Question A11 

The probability of finding a galaxy within volume dV1 at a location r1 and another galaxy within 

dV2 at r2 is given by P(r1,r2)dV1dV2. The number of galaxies per unit volume is φ. If the 

distribution of galaxies is isotropic but not random P(r1,r2) = φ(1+ξ(r)). What is the physical 

meaning of the two point correlation function ξ(r)? Comment on the cases when ξ(r) is positive, 

negative or zero.  

[3 marks] 

Question A12 

A survey of galaxies has established that γξ −= )/()( 0rrr  with r0=5 Mpc and γ = 2. Compare the 

probability of finding a galaxy 10 Mpc away from another one in the survey to that of random 

distribution of galaxies. 

[3 marks]                                                                                                                                                                                                                                                                                  
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Section B (answer TWO of the four questions in Section B) 

Question B1               [25 Marks in Total] 

(a) Consider accretion of material into an AGN. Show that the accretion stops when the luminosity 

exceeds the Eddington limit TpBHE mGcML σπ /4= . Tσ is the Thomson cross-section (cross-

section of scattering of a photon with a massive, charged particle); 
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is a charged particle’s mass. The relativistic relation 42222
cmcpE += applies. Explain the relative 

importance of the radiation and gravity forces on protons and electrons; and state why these 

particles accrete as a single fluid.  

[10 marks] 

(b) If an AGN emits at the Eddington luminosity limit of 10
39 

W, what is the mass (in solar masses) 

of the central BH? 

[3 marks] 

(c) Assume that size of the emitting region on the AGN is roughly three Schwarzschild radii. 

Estimate the mass of the BH, in solar masses, if the AGN varies on the time scale of 24 hours. 

[3 marks] 

(d) What is the origin of synchrotron radiation?        

[2 marks] 
 

(e) Over a wide range of frequencies the radio continuum spectrum of many radio galaxies can be 

approximated by a power law α
ν ν∝S where Sν  is the flux density at radiation frequency ν and α ≈ 

-0.75. Show that this is consistent with the observed emission being synchrotron radiation from a 

population of relativistic electrons with a power law energy distribution 

dEEdEEN p−∝)(  

where p ≈ 2.5. [Hint: An energetic electron with energy E in the presence of a magnetic field B 

radiates a power 22 EBP ∝ at a frequency BE
2∝ν .]    

[7 marks] 
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Question B2               [25 Marks in Total] 

(a) In a galaxy, two gravitationally interacting stars have an impact parameter b and relative speed 

v.  

(i) Prove that velocity change v∆ due to the mutual gravitational interaction of the stars is 

)/(2 bvGmv =∆ , where m is mass of the star that causes the orbit deflection. [Hint: you may 

assume that the distance between the stars on average is b and the range (length) of the 

gravitational interaction, as one star passes by the other, is roughly 2b].  

[6 marks] 

(ii) Show that tangent of the deflection angle of stars via their mutual gravitational interaction 

in a galaxy is given by  

23/1 /2tan vGmn=φ  

where, n is number density of stars. [Hint: Estimate star’s volume of “influence” to relate n 

and b.] 

[7 marks] 

 

(b) State the two main assumptions made when describing the dynamics of stars in spiral galaxies.  

[2 marks] 

(c) The dynamics of stars (e.g. that of the Sun) in spiral galaxies in the out-of-galactic plane (z) 

direction is described by the equation  

.)4( zGz ρπ−=&&  

Marine life fossil record indicates that the life extinction occurs with 64 Myr periodicity. Calculate 

the density ρ in the solar neighbourhood in Msun pc
-3

. Does your answer for ρ include the effect of 

the presence of dark matter? Justify your answer. 

[10 marks] 
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Question B3                      [25 Marks in Total] 

(a) Use the virial theorem along with the conservation of energy to show that, in an accretion disc, 

half the loss of potential energy of the accreting material is converted into radiation.  

[6 marks] 

(b) The potential energy Ω(r) of a mass m at distance r from a black hole of mass M is  

Ω r( )= −
GMm

r
. 

(i) Deduce that the energy dE(r) radiated in time dt by an annulus of width dr in an accretion 

disc around a black hole is given by 

( ) dr
r

dtmGM
rdE

22

1 &
= , 

 where m&  is the accretion rate.   

[5 marks] 

(ii) Show that the flux F(r) (i.e. luminosity per unit surface area) of the disc is  

( )
38 r

mGM
rF

π

&
≈   .  

[6 marks] 

(c) (i) Assuming that the disc radiates as a black body, show that its temperature at radius r is given 

approximately by 

( )
4/1

38








=

σπ r

mGM
rT

&
 . 

[3 marks] 

(ii) Assuming that the radius of the last stable circular orbit around such a black hole is three times 

the Schwarzschild radius, show that the maximum temperature, Tmax, of the accretion disc is  

2/1
34/1
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1212 
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[3 marks] 

(iii) Calculate this maximum temperature if the black hole with mass M=10
8
Msun is accreting 

material at the rate of one solar mass a year.                     

 [2 marks] 
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Question B4               [25 Marks in Total] 

a) Use the dispersion relation ρπω Gku 4222 −=  to derive Jeans length, 

( ) .//2
2/12 ρππλ Guk JJ ==  

[4 marks]  

b) Derive Jeans mass, 
ρ

π 1

48 2/3

32/5

G

u
M J = .   

[6 marks] 

c) Use the hydrodynamic equations 
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where the symbols have their usual meaning, to derive the dispersion relation for small 

perturbations of a self-gravitating gas with non-zero pressure:  

ρπω Gku 4222 −= . 

Here ω is the angular frequency, k is the wave-number, ργ /pu =  is the sound speed and ρ is the 

unperturbed gas density. The derivation should clearly show each of the following steps: 

(i) linearization of the equations ( ...10 ++= fff ε ), assuming that unperturbed state has the 

following properties: constconstpVconst ==== 0000    ,   ,0   , ϕρ , 

[5 marks] 

(ii) Fourier ansatz ( )(~ rkti
eff

rr
⋅−= ω ), 

[5 marks] 

(iii) use of the compatibility condition of the linear algebraic equations (determinant of the main 

matrix should be zero). 

[5marks] 

End of Examination. An appendix on one page follows. 
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Appendix 

List of physical constants 

 

Velocity of light c 3.00 × 10
8 m s

-1 

Gravitational constant G 6.67 × 10
-11

 N m
2
 kg

-2 

Boltzmann constant k 1.38 × 10
-23

 J K
-1 

Stefan-Boltzmann constant σ 5.67 × 10
-8

 W m
-2

 K
-4 

Planck constant h 6.63 × 10
-34

 J s 
 

Mass of proton mp 1.67 × 10
-27

 kg 

Mass of electron me 9.11 × 10
-31

 kg 

Electron charge e 1.60 × 10
-19

 C 

vacuum permittivity ε0 8.85 × 10
-12

 F m
-1

 

vacuum permeability µ0 4π × 10
-7

 H m
-1

 

Mass of Sun Msun 1.99 × 10
30

 kg 

Luminosity of Sun Lsun 3.83 × 10
26

 W 

Astronomical unit AU 1.50 × 10
11

 m 

Parsec pc 3.09 × 10
16

 m 

Year yr 3.16 × 10
7
 s 

 

 

 


