MTHG6132, Relativity

Solutions to Problem Set 7

Rodrigo Panosso Macedo

1. [9 points] Identify coordinates z! = z,2? = y.

Y -y
Metric and its inverse: gq, = ( 60 (l )7 J < 60 0 )

e e *

(a) The connection coefficients are I'%,. = # (OvGed + OcGba — Oagne)

Iy = 19" (01911 + Oignn — O1gin) = 0 since digny = 9pe? =0

Iy = 19" (0ag11 + O1g12 — Orgi2) = 5 since Oagy = 0pe? = €Y, g'' =€, g1 =0
Iy = 19" (Dogiz + Oagro — D1gan) = —S5~  since Digan = Ope” =€”, g™ =€7Y, g1 =0
F211 %922(81912 + 01912 — 82911) = —ey; since Oyg11 = ayey = e, 922 =e " g12=0
I1212 = 5922(82921 + 01G22 — 62912) = % since 0 g2 = 0,€" = €7, 922 =e "’ g12=0
[y = %922(32922 + 02922 — Oaga2) =0 since 0zgor = 0

(b) The Riemann Tensor is R%.; = 01" %q — Oal e + Tl pa — [%eal €pe.
Rlors = 0Ty — 0Ty + T M0 — I oy
= M9y — oIy + T Dy + T T2y — Tl gy — Dlgel?y
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Finally,

Rig12 = glaRa212
= guRY%1 + g2 R0

eY +e”*
— V| = _

e¥ +e”
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2. [9 points] Using the formula for the Ricci tensor one has that

Ry = Roo = 9al"00 — o100 + I'eal 00 — I 01 0a,

= 0I"%0 + 01100 — oI 00 — Do o1
1000 4+ T el 0 — T%0I 00 — Ieol 0,

= 1IM0 + %00 + Ieil 00 — IPeol 00 — I eol 01,

= 10 + T 00 + I10I 00 + Toi M0 + TMi1T Moo
—T00I%0 — 10T 90 — T 0ol 01 — T 10T gy,

= 1Moo + T 90 — T4 00 — Mool 01,
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3. [6 points] (a) To compute V. Rpeq one uses the Leibniz rule:

0 0 0 0
VeRapea = K (Mbd + 9aclMegrd) — (MeGac) God — Jac Megra) ) =0.

(b) To compute Ry proceed as follows:

Ryq = 9"“Raped = KG"(GacOvi — Gaa9er) = K (9" GacGba — 9" Jadep)
= K(8a"gba — 04°Gep)
= K(49pa — 9pa) = 3K gba,

where it has been used that §,* = 4. Finally

R = ¢"Ryy = 3K ¢"gpq = 12K.

4. [6 points] From
1
Rab - §Rgab + /\gab = Oa (]-)

multiplying by ¢% one obtains that
ab 1 ab ab
g Rab - §Rg Yab + )‘g Gab = 0.

Now, by definition R = g**R,;,. Moreover, as seen in a previous coursework one has
that ¢g°®g,, = 4. Thus, one has that

R—-2R+4X=0

from where one readily obtains R = 4\. Substituting this result into (1) and simpli-
fying one obtains Ry, = Aga as required.



